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Abstract 

We address the moral hazard problem of securitization using a principal-agent model where the 

investor is the principal and the lender is the agent. Our model considers structured asset-backed 

securitization with a credit enhancement procedure. We assume that the originator can affect the 

default probability and the conditional loss distribution. We show that the optimal form of 

retention must be proportional to the pool default loss even in the absence of systemic risk when 

the originator can affect the conditional distribution of portfolio losses, yet the current regulations 

propose a constant retention rate. 
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1. Introduction 

Despite all the advantages that securitization offers the economy and the financial system, the 

financial crisis that began in 2007 drew attention to the fact that advantageous financial 

innovations such as securitization can become a source of financial instability if industry practice 

and regulation do not keep pace with financial innovation (Selody and Woodman, 2009).  

It is becoming important for regulators and market participants to understand the costs and benefits 

of securitization under moral hazard so they can improve the incentives and scope of securitization 

to mitigate the effects of this information problem. Berndt and Gupta (2009) believe that the highly 

deregulated nature of the secondary loan market is one of the main reasons for the occurrence of 

moral hazard and adverse selection problems. Stein (2011) explains the effect of unregulated 

private money creation on establishment of unstable markets, which requires the implementation 

of policy that supplements open-market operation. 

Overall, tranche allocation is considered one of the most effective ways to align mutual benefits 

between originators and investors. Different retention mechanisms have very different impacts on 

originators' efforts and incentives in screening and monitoring borrowers. Two general types of 

retention are equity tranche retention and vertical slice retention. 

Vertical slice retention by banks entails retaining a percentage share of each tranche. Equity slice 

retention is a horizontal percentage share of the equity tranche retention. Retention mechanisms 

have varying impacts on the screening level due to different sensitivities to the default risk factor, 

which plays an important role in determining borrowers’ default probabilities and asset value 

(Fender and Mitchell, 2009a, 2009b). Showing different sensitivities implies that the effectiveness 

of tranche retention in aligning incentives should be a function of tranche thickness, asset return, 
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the size of the retained interest, the economy’s position in the cycle (the state of the macro 

economy) and most importantly how the tranche retention is configured. 

Selecting the optimal type of retention scheme is critical because the wrong scheme could cause 

unintended costs and consequently hamper efforts to establish sustainable securitization markets. 

It is also very important to determine the required retention amount wisely, based on precise 

calculations, which is the focus of our research. When retention requirements are too low, 

screening and monitoring incentives may not be sufficiently high, but if requirements are too high, 

securitization may no longer be an efficient form of structured finance (Selody and Woodman, 

2009). 

The United States and the European Union (EU) regulations require 5% of uniform and constant 

mandatory risk retention in the form of a vertical slice with a fixed ratio per tranche, or a horizontal 

slice of the most junior tranche (equity), or even a combination of both forms of retention (IMF, 

2009; Sidley, 2014). Moreover, the regulation prohibits the hedging and transfer of the loss 

retained by the bank. This retention scheme has been criticized in recent papers. Most criticisms 

focus on vertical slice retention because it is not optimal for aligning incentives of financial 

intermediaries to monitor borrowers (Fender and Mitchell, 2009b; Kiff and Kisser, 2010). Jeon 

and Nishihara (2012) also point out the weakness of the risk retention requirement in terms of 

other aspects of the current regulation. They highlight the impact of fixed ratios on risk retention 

efficiency, which is uniformly applied to every financial institution, without considering features 

of individual intermediary or business cycle. Wu and Guo (2010) show the deficiency of a flat 

ratio of risk retention and suggest that the information disclosure requirement is more efficient 

than risk retention in this sense. Dugan (2010) claims that fixed risk retention worsens resource 

allocation and suggests a minimum underwriting standard requirement instead. Levitin (2013) 
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argues that flat risk retention cannot resolve the moral hazard problem of credit card securitization 

but that implicit recourse can. Batty (2011) asserts that the current regulation may shrink the 

issuance of collateralized loan obligations (CLOs) because most CLOs are actively managed by 

third-party managers.  

Optimal security design can play an important role in resolving the moral hazard problem, which 

can revive the securitization market and ensure the optimality of the securitization process; this 

claim is backed by theoretical arguments (Albertazzi, Eramo, Gambacorta and Salleo, 2011). 

DeMarzo and Duffie (1999) investigated optimal security design, focusing on the trade-off 

between liquidity costs and retention costs. Hartman-Glaser, Piskorski and Tchistyi (2012) present 

an optimal mortgage-backed security design in a continuous basis model that balances the timing 

of payments with information quality. As for DeMarzo and Duffie (1999), they assume that the 

bank has a higher discount risk than investors do. We do not need this assumption in our model. 

Malekan and Dionne (2014) show that a fixed retention contract is optimal under moral hazard 

when the bank can affect only the loan default probability with its unobservable actions. In this 

paper, we extend this contribution by permitting the bank to affect the conditional loss distribution 

with its credit risk management activities such as screening and monitoring actions. We show that 

a fixed retention rate of the equity tranche is not optimal even when there is no systemic risk. 

The next section describes our research design. Section 3 specifies the model of securitization 

under moral hazard in the presence of tranching, where the bank can affect the loan default 

probability along with the conditional loss distribution. Section 4 analyzes the optimal form of the 

securitization contract and Section 5 concludes the paper. 
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2. Design of optimal securitization under moral hazard 

We investigate the optimal security design of structured products by analyzing explicit incentive 

contracting under moral hazard. Our goal is to address the moral hazard problem using a principal-

agent model where the investor is the principal and the lender (bank or originator) is the agent. 

Moral hazard is often defined broadly as a conflict of interest between two parties who are 

interacting with each other, when it is not possible for the principal to determine the agent’s 

behavior in detail. If investors could design a complete contract that specifies how banks should 

manage credit risk and what kind of information they should gather, there would be no significant 

residual moral hazard problem in securitization. In real life, credit risk management activities are 

not observed by investors, so in the absence of optimal contracting the originator’s behavior will 

be distorted by selling loans to investors because the payment it receives does not depend on its 

credit risk management effort. 

Securitization operates in a similar way to partial risk sharing. Without securitization, all the costs 

and benefits of credit risk management are internal to the bank, and incentives to screen and 

monitor, for example, are maximal. With full securitization, originators sell all their credit risk to 

a third party and do not bear the cost of loan or credit card default. The more the investors 

contribute to covering the default cost, the less incentive the lenders have to carefully screen and 

monitor borrowers. We show how we can mitigate moral hazard in credit risk management effort 

by specifying the form of optimal retention of the loan pool that lenders should keep to maintain 

their incentives under ex-ante moral hazard. 

One difficulty is to consider the credit enhancement procedure explicitly in the tranching of 

financial products. Our contribution extends the model proposed by Malekan and Dionne (2014), 
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which incorporates a tranching and credit enhancement procedure in a model where the agent can 

affect only the loan default probability. We add the possibility of the lender’s affecting the 

conditional loss distribution or the severity distribution of credit risk with its effort. For example, 

a bank may have a lesser incentive to reduce the likelihood of high loss given default when the 

contract is not optimal. The bank may also have fewer incentives to obtain the costly information 

necessary to fix the debt optimal collateral that would reduce the loss given default. 

3.  Derivation of the model 

We consider a risk-averse originator or bank that manages a loan pool with a value normalized to 

1. The loan pool is assumed to be large enough to diversify away the idiosyncratic risk. We suppose 

that the average default probability of a loan pool without systemic risk is )(ep , which is a function 

of credit risk management effort .e  In the case of loan default there is a random conditional loss L 

in the interval [0, 1]: 0 1≤ ≤L . (1 )− L  can be interpreted as a random recovery rate and L is the 

random loss given default. We assume ( )p e  is decreasing and convex in effort: 

.0)(,0)( >′′<′ epep  (1) 

 

Moreover, the lender can also affect the conditional loss distribution ( )F L e  and its density ( ).f L e  

Since L is a loss variable, we assume that ( ) 0>eF L e  and ( ) 0>eeF L e  to obtain the desired first-

order effect and convexity property of the principal-agent program with the first-order approach 

(Rogerson, 1985). Effort is costly for originators and non-observable by investors. The cost 

function is equal to )(eC  and is increasing and convex in e : 
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0)(,0)(,0)0( >′′>′= eCeCC . (2) 

The risk-free rate of interest is normalized to zero. We assume there are two tranches in the 

securitization scheme. The originator securitizes part of the loan pool as a senior tranche for risk-

neutral and competitive investors. The amount of the senior tranche that is securitized is equal to 

( )1−α , with a higher credit rating than the average of the loan pool and a lower interest rate equal 

to 1r . The originator can keep the α  fraction of the loan pool as an equity tranche with a lower 

credit rating and interest rate 2r  higher than 1r  because the credit risk of the equity tranche is 

higher. This tranche absorbs the first percentage ( )α  of loan portfolio losses because tranching 

introduces a hierarchical order in the allocation of losses, as in a firm capital structure where equity 

holders are the first to absorb default loss. Our objective is to derive the optimal form of ( ).Lα  In 

the following sections, we write ( ) ≡Lα α  to simplify the notation but we will verify the 

dependence of α  with respect to L in the optimal form of the contract. 

3.1 Investors’ objective function 

The expected return ( )1π  of investors in the senior tranche is equal to: 









−+−−−−= ∫ ∫

1 1

211 2
)()()()()())(1(

R
r dLeLfLdLeLfrLRepSr α

α
αααπ . (3) 

The amount that investors are willing to pay for the securitized loan is equal to the expected value 

of the payoff, which is equal to )1()1( S+−α . (1 )+ S  is the net expected rate of return on the loan 

pool considering the potential default risk of the loan pool. The gross expected return of the entire 

loan pool is ( )1+ R . −R S  is the expected return loss of the loan pool due to default risk under 

risk neutrality. 
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In the non-default state, the return for these investors is equal to )1)(1( 1r+−α . If the loan pool 

defaults, the α  fraction that is kept by the originator absorbs initial losses on both interest and 

capital. This means that the investors will lose something only if the amount of loss on interest or 

capital or both is large enough to exhaust the equity tranche. 

Investors will lose something on interest when 2* rRLoss α>  or when 2Loss r R> α , and the 

amount they will lose is equal to ( )2rLR α− , which is the amount that is not absorbed by the equity 

tranche. Therefore, senior investors’ expected loss on interest is equal to:  

2

1

2( ) ( ) .−∫ r
R

LR r f L e dLα α  (4) 

These investors will lose something on capital when α>Loss  and the amount that they will lose 

is equal to )( α−L . The expected loss on capital is equal to: 

1
( ) ( ) .−∫ L f L e dL

α
α  (5) 

With full securitization, when 0=α , the expected profit of senior investors is equal to: 

1

1 0
( ) ( ) (1 ) ( )≡ − − +∫I r S p e L R f L e dLπ , (6) 

meaning that they will sustain all the credit risk. 

3.2 Participation constraint 

To satisfy the participation constraint, the expected welfare of the originator in the presence of 

securitization should be at least equal to U . U  is the best opportunity of the bank when considering 

securitization. We assume the originator is risk averse with ( )' 0>


U  and ( )'' 0.<


U  It is well 

known that this assumption does not affect the form of the optimal contract. Similar results can be 

obtained under risk neutrality by adding a limited liability constraint (Bolton and Dewatripont, 
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2005). Moreover, U can also be interpreted as any concave payoff due to imperfections in the 

financial market (Froot et al, 1993). In the case of securitization, we can write the expected utility 

of the originator (equity tranche if 0α > ) as follows: 

( ) ( )( )( ) ( )( )( )

( )( )( ) ( )( )( )

2

2

1 10

1

1 2 1 2

1 ( ) 1 ( ) 1 ( )

( ) 1 ( ) ( ) 1 ( ) .

 
− − − − + − − − − − + 

 
   − − − − − + − − − − −     

∫

∫ ∫

r
R

r
R

p e U R r S p e U R r S LR L f L e dL

p e U R r S r L f L e dL p e U R r S r f L e dL

α

α
α α

α α

α α α α α

 
(7) 

The expected return on the collateral loan pool when there is no default is equal to (1 )+ R , which 

can be divided between tranches with different credit ratings and different interest rates. Therefore, 

we have the following relationship between return on loan pool and return on different tranches: 

1 21 (1 ) (1 )(1 ) (1 ).∗ + = − + + +R r rα α  (8) 

When there is no default, the expected payoff of the originator is equal to

1)1)(1()1( 2 −+−++ Sr αα , which can be simplified by using equation (8) to ( )( )11− − −R r Sα . 

In the case of default, because the equity tranche absorbs initial losses on interest and capital, the 

conditional utility is equal to: 

( )( )( ) ( )( )( )

( )( )( )

2

21 1 20

1

1 2

1 ( ) 1 ( )

1 ( ) ( ) .

− − − − − + − − − − −

+ − − − − −

∫ ∫

∫

r
R

r
R

U R r S LR L f L e dL U R r S r L f L e dL

U R r S r f L dLf L e dL

α α
α

α

α α α

α α α

 
(9) 

If the amount of loss is smaller than the expected return on equity tranche, 2rLR α< , the originator 

loses LR  on interest and L on capital. If it is greater, 2rLR α> , the originator loses 2rα  on 

interest and will lose something on capital too, depending on the total loss amount. If the loss 

amount is greater than α , the originator loses 2rα  plus α . 
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Finally, the participation constraint can be written as follows. We assign λ  as the Lagrange 

multiplier to the participation constraint: 

( ) ( )( )( )

( )( )( ) ( )( )( )

( )( )( )

2

2

1

1 1 20

1

1 2

: 1 ( ) 1

( ) 1 ( ) ( ) 1 ( )

( ) 1 ( ) ( ) .

− − − − +

− − − − − + − − − − − +

− − − − − − =

∫ ∫

∫

r
R

r
R

p e U R r S

p e U R r S LR L f L e dL p e U R r S r L f L e dL

p e U R r S r f L e dL C e U

α α
α

α

λ α

α α α

α α α

 

(10) 

The bank will participate in securitization as long as the left-hand side of (10) is not lower than 

,U  its best alternative. 

3.3 Incentive compatibility constraint 

This constraint ensures the effectiveness of the originator’s effort to screen and monitor loans, 

taking the moral hazard problem into account. By differentiating the payoff of the originator in 

(10) in the presence of securitization with respect to a credit risk management effort (first-order 

condition for choice of effort), we can write the incentive compatibility constraint as follows. 

( )( )( )

( )( )( )
( )( )( ) ( )( )( )

( )( )( ) ( )( )( )

( )

2

2

2

2

1

10
1

1 2 1 2

1 1 20

: ( ) 1

( ) 1 ( )

( ) 1 ( ) ( ) 1 ( )

( ) 1 ( ) ( ) 1 ( )

( ) 1

′− − − − +

′ − − − − − +

′ ′− − − − − + − − − − − +

− − − − − + − − − − − +

− −

∫
∫ ∫

∫ ∫

r
R

r
R
r

R
re e

R

p e U R r S

p e U R r S LR L f L e dL

p e U R r S r L f L e dL p e U R r S r f L e dL

p e U R r S LR L f L e dL p e U R r S r L f L e dL

p e U R r

α

α
α α

α α
α

µ α

α

α α α α α

α α α

α ( )( )1

1 2 ( ) ( ).′− − − =∫ eS r f L e dL C e
α

α α

 

(11) 

We can verify that the Lagrange multiplier µ  of this constraint is positive under moral hazard. 
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3.4 Technology constraint 

This constraint is used to ensure that there is no over-retention by excluding 1>α  or negative 

securitization ( )1 0− <α . The constraint is described in detail in Appendix A.1. 

0 1: 1 .
0 1

 = → <
≤  < → ≥

δ αδ α
δ α

 
(12) 

In the remainder of the paper, we will concentrate on the case where 1<α  to simplify the notation, 

but note that over-retention can easily be excluded as a potential solution. 

4. Optimal securitization contract model 

The optimal amount and form of the structured asset-backed securitization contract is obtained by 

solving the following maximization program: 

Maximizing objective function (3) 
,

o er
,

v
,S eα  (13) 

and under the following constraints: 

• participation constraint (10); 

• incentive compatibility constraint (11); 

• technology constraint (12). 

The principal proposes different values of S and α  and the agent chooses e according to these 

values until an optimum is reached. 
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4.1 No moral hazard: μ = 0 

First we assume that µ =0 when there is no moral hazard and ∗∗= ee . Because investors observe ,e

they set its level at the full information level ∗∗e  by using the "take it or leave it" strategy. If we 

differentiate the program in (13) with respect to S, we have (writing e for ∗∗e ): 

( ) ( )( )

( )( )( ) ( )( )( )

( )( )( ) .0)()1(1)(

)()1(1)()()1(1)(

1))(1()(1)1(:

1

21

0 211

1

2

2

=−−−−−−′

+−−−−−−′+−−−−−−′

+−−−−′−+−−

∫

∫ ∫

α

α
α
α

ααααλ

αααλααλ

ααλα

dLeLfrSrRUep

dLeLfLrSrRUepdLeLfLLRSrRUep

SrRUepS

R
r

R
r

 
(13) 

By solving the above equation, we can isolate λ
1  as follows: 

( ) ( )

( )( )( ) ( )( )( )

( )( )( )

2

2

1

1 1 20

1

1 2

1 1 ( ) (1 )( )

( ) 1 ( ) ( ) 1 (1 ) ( )

( ) 1 ( ) .

′= − − − − +

′ ′− − − − − + − − − − − − +

′ − − − − −

∫ ∫

∫

r
R

r
R

p e U R r S

p e U R r S LR L f L e dL p e U R r S r L f L e dL

p e U R r S r f L e dL

α α
α

α

α
λ

α α α α

α α α

 

(15) 

Differentiating with respect toα yields: 

( ) ( ) ( ) ( ) ( )

( ) ( )

( )( )( )

( )( )( ) .0)()1(1)(

)()(1)(

)())(1()(

))(1()(1))(1(1)(

1

2121

2121

0 11

11
2

21

2

2

=−−−−−−−−′

+−−−−−−−′

+−−−−−−′

+−−−−′−+−+













−+−−

∫

∫
∫

α

α
α

α

αααλ

ααλ

αλ

αλαα

dLeLfrSrrSrRUep

dLeLfrSrLrSrRUep

dLeLfSrLLRSrRUep

SrSrRUepFep
R
rFrepSr

R
r

R
r

 

(16) 
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By solving this equation for 1 λ , we obtain: 

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )( )( )2

2

1 1

2
1 2

1 2 1 2
1 10

2
1 2 1

1 ( ) (1 )( )

( ) 1 (1 ( ))

( ) 1 ( ) ( )( ) (1 )( ) ( )1

( ) 1 (1 ( )) (

′− − − − −
+

  − − − − −    

′ − − − − − − −′ − − − − − −
= +

  − − − − − −    

∫∫
r

R r
R

p e U R r S r S

rr S p e r F p e F
R

p e U R r S r L r S r f L e dLp e U R r S LR L r S f L e dL

rr S p e r F p e F r
R

αα
α

α

α α

α αα

λ
α α ( ) ( )

( )( )( )

( ) ( )

2
2

1

1 2 1 2

2
1 2

) 1 (1 ( ))

( ) 1 ( 1) ( )
.

( ) 1 (1 ( ))

 
 
 
 
 
 
 
  + 

   − − − −      
 ′ − − − − − − − −
 
    − − − − −      

∫

rS p e r F p e F
R

p e U R r S r r S r f L e dL

rr S p e r F p e F
R

α

α α

λ α α α

α α

 

(17) 

By equalizing (15) and (17) together we get the following equation: 

( )( )( ) ( )( )( )

( )
( ) ( ) ( )

( )( )

2

2

1

1 2 2 1 2 2

1 102
2

1

( ) 1 ( ) ( ) ( ) 1 ( 1) ( )

1 ( ) (1 )( ) ( ) (1 )( ) ( )
1 (1 ( ))

( ) 1

′ ′− − − − − − + − − − − − − − =

′ ′− − − − + − − − − − +    − − + −   
    ′ − − − − 

∫ ∫

∫

r
R

r
R

p e U R r S r L r f L e dL p e U R r S r r f L e dL

p e U R r S p e U R r S LR L f L e dLrp e r F F
R p e U R r S r

α
α α

α

α α α α α

α α
α α

α α( ) ( )( )( )2 2

1

2 1 2

.
( ) ( ) 1 ( )

 
  
 

′ − + − − − − −
  

∫ ∫r r
R R

L f L e dL p e U R r S r f L e dL
α
α α α α α

 (18) 

**α = 0 solves this equation, meaning that positive retention is not necessary to maintain the 

appropriate incentives (see Malekan and Dionne, 2014, for more details). There is no need for an 

equity tranche in this framework. 

4.2 Moral Hazard: μ > 0 

Now we assume that 0>µ  because there is potential moral hazard. If we differentiate the program 

(13) with respect to S, we obtain: 
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( ) ( )( )

( )( )( ) ( )( )( )

( )( )( )
( )( )

( )( )

2

2

1

1 1 20

1

1 2

1

1

: (1 ) 1 ( ) (1 )( ) 1

1 (1 ) ( ) 1 (1 ) ( )
( )

1 (1 ) ( )

( ) (1 )( ) 1

1
( )

′− − + − − − − − +

 
′ ′− − − − − − + − − − − − − +  

 
 ′ − − − − − −  

′ ′− − − − − +

′ − − −
′

∫ ∫

∫

r
R

r
R

S p e U R r S

U R r S LR L f L e dL U R r S r L f L e dL
p e

U R r S r f L e dL

p e U R r S

U R r S
p e

α α
α

α

α λ α α

α α α α α
λ

α α α α

µ α α

α
µ

( ) ( )( )( )

( )( )( )

( )( )( ) ( )( )( )

( )( )

2

2

2

2

1 20

1

1 2

1 1 20

1 2

(1 ) ( ) 1 (1 ) ( )

1 (1 ) ( )

1 (1 ) ( ) 1 (1 ) ( )
( )

1

 
′− − − + − − − − − − +  

 
 ′ − − − − − −  

′ ′− − − − − − + − − − − − − +
+

′ − − − −

∫ ∫

∫

∫ ∫

r
R

r
R

r
R

re e
R

LR L f L e dL U R r S r L f L e dL

U R r S r f L e dL

U R r S LR L f L e dL U R r S r L f L e dL
p e

U R r S r

α α
α

α

α α
α

α α α α

α α α α

α α α α α
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By simplifying the above equation, we obtain: 

( ) ( )( )( ) ( )( )( )

( )( )( )

( )
( )( )( ) ( )( )( )

2

2

2

1 1 1 20
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(1 )( ) 1 ( ) 1 ( )
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(20) 

If we differentiate (13) with respect to α we have: 

( ) ( ) ( ) ( ) ( )

( ) ( )
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(21) 

This can be simplified as follows: 

14 
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(22) 

By equalizing (20) and (22) together we get the following equation: 
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(23) 

 

4.3 Analyzing the result 

Our two objectives are to verify first if the optimal retention rate * 0α >  under moral hazard and 

then if *α  is a function of L when the conditional loss distribution is affected by e. We use the 

following notations to simplify the presentation of the analysis:  
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(24) 

15 
 



When there is no moral hazard we obtain (25) using the above notations (Malekan and Dionne, 

2014): 

( ) ( )
))(1(

))(1())(1())(1( 11 ep
yxSrRUyxSrRUep

−
−

=−−−′→−=−−−′− αα . (25) 

In this case, ** 0=α  and the left-hand side of (25) is equal to ( )( )1' .U R r S− −  With moral 

hazard we have the following result using (24): 

( ) ( )
))((
)())(1()())(1())(( 11 epx
xepyxSrRUxepyxSrRUepx e

e −
+−

=−−−′→+−=−−−′−
λ

µαµαλ . (26) 

To compare equations (25) and (26), we need to know the sign of ex  and the relative value of xλ  

with respect to 1. Below we consider four cases to determine xλ  and the sign of ex , which are 

necessary conditions to obtain the optimal α : 

1) First we assume that 1
<

x
λ  and 0<ex : 

In this case the comparison between equations (25) and (26) is impossible because both the 

numerator and the denominator of equation (26) decrease together when we add xλ  and ex . We 

cannot determine the relation between ( )( )( )1' 1− −−U R r Sα  with respect to ( )( )1' .− −U R r S  

2) Second we assume that 
x
1

<λ  and 0>ex : 

In this case, because the numerator of equation (26) increases and its denominator decreases, the 

right-hand side of (26) increases and ( )))(1( 1 SrRU −−−′ α  increases so:  

( ) ( )( )1 1(1 )( ) '
(1 ( ))

−′ − − − > = − −
−
x yU R r S U R r S

p e
α . (27) 
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'U  is decreasing in its payoff under concavity and 1r S> , which means that  α  must be less than 

or equal to zero to satisfy the inequality. Because α  cannot be smaller than zero at the optimum, 

this means that there should be full securitization. By putting 0=α  in the above inequality, we get 

the following result: 

1 1( ) ( )′ ′− + > − +U R r S U R r S . (28) 

which is a contradiction, so we reject this possibility.  

3) Now we consider the third case, where 
x
1

>λ  and 0>ex : 

In this case the comparison is again impossible, because both the numerator and the denominator 

of equation (26) increase simultaneously when we add xλ  and ex . 

4) Finally, we consider the fourth case, where 
x
1

>λ  and 0<ex : 

In this case the numerator of equation (26) decreases and its denominator increases, therefore

( )))(1( 1 SrRU −−−′ α  decreases and we obtain:  

( )
))(1(

))(1( 1 ep
yxSrRU

−
−

<−−−′ α . (29) 

Because U ′  is decreasing in its payoff and Sr >1 , this means that α  should be greater than zero to 

solve this inequality. This implies that full securitization is not optimal and there must be positive 

retention (or an equity tranche held by the originator) under moral hazard. The optimal solution is 

0* >α . The next step is to verify if *α  is a constant or a function of L. 
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In Malekan and Dionne (2014), the conditional loss distribution is not a function of e, so ex  was 

equal to zero. Consequently, the optimal form of the contract involved retaining a positive constant 

amount of the loan portfolio as an equity tranche (retention), calculated based on the parameters 

of the model. As has been shown above, the only acceptable case when ( ) 0eF L e >  is when ex  is 

negative: 

( )( )( )

( )( )( )

2 1 2 2

1

1 2 2

2
2

1 ( )

1 ( 1) ( )
0.

1 (1 ( ))

 ′ − − − − − + 
 
 ′ − − − − − + = = <

    − + −       

∫

∫

r e
R

e

e

U R r S r L r f L e dL

U R r S r r f L e dLdxx
de rr F F

R

α
α

α

α α

α α α

α α

 

(30) 

To verify the consistency of (30) with the first-order approach, we now consider an example of 

distribution that satisfies the two properties that are sufficient for the first-order condition to be 

valid when the conditional distribution of loss is a function of e: the convexity of the distribution 

function with respect to effort 0>eeF  and the monotone likelihood ratio property (MLRP) 

(Milgrom, 1981; Rogerson, 1985; Dionne and Spaeter, 2003; LiCalzi and Spaeter, 2013). 

The MLRP assumption implies a monotonic relationship between effort and reward. We know that 

the exponential distribution is consistent with MLRP (Rogerson, 2005). We now consider this 

distribution for L. In addition, we assume constant risk aversion. 

Because L is a random loss, as in Winter’s (2013) study of the insurance context, we assume that 

( )
0

( )
 

<  
 

ef L ed
dL f L e

 to obtain an optimal contract. This means that more effort reduces the likelihood 

of large losses. The intuition behind the MLRP assumption in our principal-agent model is that, 

because effort is not observable, observed loss will send uninformed investors, the principal in this 
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case, a sufficiently informative signal on the bank’s unobservable effort so that they can require 

the agent to exert the optimal effort level. In other words, if effort shifts the loss distribution 

according to MLRP, then we can be confident that a lower level of observed loss will almost 

certainly indicate a higher level of agent effort. Then the principal can write a contract with a 

monotonic decreasing reward in loss, while the agent is expected to respond with a higher level of 

effort, and both parties will be better off. 

In Appendix A.2, we verify that ex  is negative under MLRP and constant risk aversion. Moreover, 

we observe that ex  is a function of L. This means that we must consider the derivative of ex  with 

respect to L to obtain additional information on the optimal structure of securitization. 

We can rewrite (26) in the following manner: 

( )( )( ) ( )
1

( )( )1
( ( ))

− +′ − − =−
−

ex y p e x LU R r SL x p e
µ

α
λ

. (31) 

From the above analysis, we know that the numerator and the denominator of the right-hand side 

of (31) are positive. Moreover, µ  and ( )p e  are also positive. In Appendix A.3, we show that the 

derivative of ex  with respect to L is negative. So when L increases, ex  decreases as does ( )'


U  

under risk aversion. This means that ( )( )( )11− −−R r SLα  increases when L increases, implying 

that ( )Lα  increases with L because 1 >r S . 

We now compare *
1α  with ( )*

2 Lα , where *
1α  is the optimal retention rate with ( )F L  and ( )*

2 Lα  

is the optimal retention function with ( )F L e . With conditional loss distribution as a function of 

effort we have the following optimal result:  

19 
 



( )( )( )( ) ( )
( )

*
12

( )
1

( )
ex y p e x LU R r SL x p e

µ
α

λ
− +′ − =−−

−
, 

(33) 

while we have the following result for the case where the conditional loss distribution is not a 

function of effort (Malekan and Dionne, 2014): 

( )( ) ( )
*
1 1(1 )

( )
x yU R r S

x p e
α

λ
−′ − − =−
−

. 
(34) 

From (34), we have *
1 0.α >  Because ex  is negative, for given values of x and y we get: 

( )
( )

( )
*
1

( ) ,  for all 
( ) ( )

ex y p e xx y L L
x p e x p e

µ α
λ λ

− +−
> ≥

− −
. (35) 

Because U ′  is decreasing in wealth, this means that the optimal amount of retention with variable 

conditional loss distribution with respect to effort ( )( )*
2 Lα  should be greater than the optimal 

amount of retention with constant conditional loss distribution ( *
1α ).  

Based on this relationship we can draw the following figure for investors loss by writing 

* *
2 1( ) ,L Lα α β= +  1 1β< <  since ( )2 *

2
2 0,d x L

dL
=  as shown in Appendix A.3. 

Investors will lose nothing when the amount of loss is smaller than * 2
2 ( ) rL

R
α . They will lose 

( )*
2 2( )LR L rα−  when * *2

2 2( ) ( )rL L L
R

α α< < . The slope of the line in this interval is equal to 

2

1
R r

R
β−

+
, which is smaller than the slope of the line with a fixed conditional distribution of loss 

that equals 1
1 R+

. Investors loss is equal to ( )( ) ( )**
2 22 LR rL LL αα + −−  when ( )*

2L Lα>  with a 
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slope equal to 21
1

R r
R

β β− + −
+

. The slope in this interval is larger than the previous slope but 

smaller than 1 which is the slope of the line with a fixed conditional distribution of loss. 

Figure 1: Optimal securitization contract with different assumptions on 
conditional distribution of loss and credit enhancement 

 

Notes: Investor loss equals 0 when ( )* 2
2 ,rL L R

α<  equals ( )( )*
2 2LR rLα−  when 

* *2
2 2( ) ( )rL L L

R
α α< <  and equals ( ) **

2 22 ( )( ) LR L rL L αα + −−  when *
2 ( )L Lα> , and where 

* *
2 1( ) , 0 1.L Lα α β β= + < <   

 

5. Conclusion 

In this paper, we develop the security design methodology for structured asset-backed 

securitization with a credit enhancement procedure and moral hazard to obtain the optimal risk 

1 Loan portfolio loss 0 

Full 
securitization 

Investors 
loss 

Partial securitization with  
fixed distribution of loss 

* 2
1

r
R

α  

Partial securitization with 
variable distribution of loss 

*
1α  ( )*

2 Lα  

( )* 2
2

r
L R

α  
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sharing design between sellers and buyers of these products. We first show that the optimal level 

of retention must be positive in the presence of credit enhancement and moral hazard.  

We also show that the optimal form of retention differs according to the variation of conditional 

loss distribution with respect to effort. With constant conditional loss distribution, the optimal form 

of retention is constant equity tranche retention, whereas with a variable conditional loss 

distribution it is proportional to total loss.  

The main intuition of our results is: To reduce the default probability and the loss given default 

(LGD) and ensure the investor’s participation in these products, the originator will have more 

incentives to provide the optimal credit risk management activities if the observed loss provides 

sufficient information on realized effort. As a result, the optimal amount of retention must increase 

with loss to obtain the desired result. 

For future research, we can take a step further by considering structured asset-backed securitization 

with a credit enhancement procedure in the presence of correlation between assets in the original 

pool, as observed during the recent financial crisis. Another possible extension is to derive the 

optimal retention for each security tranche and verify if the retention in each tranche increases with 

L. Such an extension is not trivial because it implies finding one optimal retention rate for each 

security tranche.   
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Appendix A 

A.1 Technology constraint 

If we can show the positivity of the first-order condition with respect to α at 1* =α , this implies 

that δ  should be negative when it is binding, to rule out over-retention. Below we calculate the 

F.O.C with respect to α  assuming 1* =α : 

( ) ( ) ( ) ( )
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(A.1) 

The negative terms in the above calculation are: 

( ) ( ) ( ) ( ) ( )
2

2

1

1 1 1 2 1 20
( ) ( ) ( ) ( ) ( ) ( )

 
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 
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r S p e U R r S p e U R LR L r S f L e dL U R r L r S r f L e dLλ µ  (A.2) 

 

For each of the above negative terms, we have the positive terms with greater value to eliminate 

their effect: 

( ) ( )1′ −U R r Sλ  (A.3) 
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(A.4) 

 

( ) ( )1( )′ ′− −p e U R r Sµ . (A.5) 

In other words, we have the following: 
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( ) ( )1 1( ) ′− − < −r S U R r Sλ   (A.6) 

because ( )'U Rλ  is greater than 1 under moral hazard (Malekan and Dionne, 2014), and 
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(A.8) 

because ( )′U R  is decreasing. As a result we concluded that: 

F.O.C > 0 at 1* =α . 
(A.9) 

Therefore, the technology constraint must be binding (with 0<δ ) to rule out over-retention. 

A.2 Specific distribution and constant risk aversion case 

We assume constant risk aversion by using the following utility function: 

( ) , ( ) 0, ( ) .
−

− −−
= = > = −

bw
bw bwaU w U' w a U'' w ae

b
 

(A.10) 

where b is the measure of constant risk aversion and a is an exponential function. We also assume 

that L follows the distribution function ( ) −= eF L e L . This distribution was proposed by Rogerson 

(1985). For two other distributions with the MLRP, see LiCalzi and Spaeter (2013). First, we need 

to compute the MLRP to make sure that the optimality conditions are satisfactory. As discussed 

above, we need a negative MLRP, which is a sufficient assumption to obtain the optimal contract 

with the first-order approach. We also need to verify that the second derivative of the loss 

distribution function is positive (CDFC). 
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(A.11) 

We can calculate the MLRP: 

( ) (ln( )) 1( ) 0.
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e

e

f L ed d L L
dL f L e dL L L

 
(A.12) 

Considering constant risk aversion we now compute ex . Under our assumptions, ex  is equal to: 

( )( )( ) ( )( )( )1 2 1 2
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1 1
2 2

2
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1 (1 ( ))
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de rr F F

R

α α α α α α
α α α

α α

 
(A.13) 

Because 2 < <
r L

R
α α  and ,bL ba a α<  we have the following: 

( )( )( ) ( )( )( )1 2 1 2
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1 1 2 2
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R R

α α α α α α
α α α α α  

(A.14) 

The right-hand side of the above inequality is negative, because: 
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(A.15) 

This means that the left-hand side is also negative. 
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A.3 Derivative of ex  with respect to L 

The derivative of ex in (A.13) with respect to L is equal to: 

( )( )( ) ( )( ) 2
1 2

1 2
11 2 2

2 2ln ( ) ln ( )
 − − − − − − − − − − − − − − − +

rb R r S rb R r S r e eR r rr a r a
R R

αα αα α α α αα α . 

Because α
α

<
R
r2 , this means that 0<edx

dL
. This expression is not a function of L so 

2

2 0=ed x
dL

 

under our assumptions. 
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